Abstract. In this article, a new proof is given of the description of the center of quadratic Sklyanin algebras of global dimension three and four and the center of cubic Sklyanin algebras of global dimension three. The representation theory of the Heisenberg groups H 2 , H 3 and H 4 will play an important role. In addition a new proof is given of Van den Bergh's result regarding noncommutative quadrics.
• a quadratic Sklyanin algebra Q 3 (E, τ ) of global dimension three contains a normal element c 3 ∈ (Q 3 (E, τ )) 3 such that Q 3 (E, τ )/(c 3 ) ∼ = 3 O τ (E, 3), with 3 O τ (E, 3) the twisted homogeneous coordinate ring of E associated to the automorphism defined by addition with τ and the line bundle L(3O), and • a cubic Sklyanin algebra Q 2 (E, τ ) of global dimension three contains a normal element c 4 ∈ (Q 2 (E, τ )) 4 such that Q 2 (E, τ )/(c 4 ) ∼ = 2 O τ (E), with 2 O τ (E) the twisted homogeneous coordinate ring of E associated to the automorphism defined by addition with τ and the line bundle L(2O). In [1] , it was shown that Q 3 (E, τ ) contains a central element of degree 3 and Q 2 (E, τ ) contains a central element of degree 4 by a computer calculation. Consequently, these central elements were equal to c 3 , respectively to c 4 as above, as generically 3 O τ (E) and 2 O τ (E) contain no central nontrivial elements.
In addition, in [14] it was proved by Van den Bergh that the second Veronese subalgebra of Q 2 (E, τ ), Q 2 (E, τ ) (2) = ⊕ k∈N (Q 2 (E, τ )) 2k is a quotient of a 4-dimensional quadratic Sklyanin algebra associated to the point 2τ . This fact in noncommutative projective geometry corresponds to the classical Segre embedding of P 1 × P 1 in P 3 from commutative algebraic geometry, or perhaps even better, the embedding of the weighted projective plane P(1, 1, 2) in P 3 . In fact, it was shown in [8] by a computer calculation that a 4-dimensional Sklyanin algebra has two algebraically independent central elements Ω 1 , Ω 2 of degree two and by results of [12] , the quotient map π E,τ : Q 4 (E, 2τ ) / / / / Q 2 (E, τ ) (2) has as kernel an ideal generated by an element of CΩ 1 + CΩ 2 .
The purpose of this paper is to prove the following facts in a conceptual way:
• the normal element c 3 ∈ (Q 3 (E, τ )) 3 is central,
• the normal element c 4 ∈ (Q 2 (E, τ )) 4 is central, and
• a 4-dimensional Sklyanin algebra Q 4 (E, τ ) has 2 algebraically independent elements in the center, Ω 1 and Ω 2 of degree two. The proofs of these 3 theorems depend on the following observations:
• the Heisenberg group H 3 of order 27 acts on Q 3 (E, τ ) as gradation preserving automorphisms, • the Heisenberg group H 2 of order 8, which is isomorphic to D 4 , the dihedral group of order 8, acts on Q 2 (E, τ ) as gradation preserving automorphisms, and • the Heisenberg group H 4 of order 64 acts on Q 4 (E, τ ) as gradation preserving automorphisms. The first and third observation follows from the definition of n-dimensional Sklyanin algebras in general as shown in [7] , while the second observation follows directly from the equations. In addition, it will be shown that Cc 3 is the trivial representation of H 3 , Cc 4 is the trivial representation of H 2 and CΩ 1 + CΩ 2 is isomorphic to the unique simple 2-dimensional representation of H 4 coming from the quotient map H 4 / / / / H 2 that will be explained below. In fact, for c 3 the connection between c 3 and the Sklyanin algebra Q 3 (E, 2τ ) will be explained, finishing the discussion started in [4] and [5] .
The results needed from previous articles by Artin, Tate and Van den Bergh are • the algebras Q n (E, τ ) for each n ≥ 2 are noetherian domains (follows from [13] for n ≥ 3 and from [1] for n = 2),
• there are the following equalities of ideals: (c 3 ) = ∩ P ∈E Ann Q3(E,τ ) (M P ) and (c 4 ) = ∩ P ∈E Ann Q2(E,τ ) (M P ) for M P the point module corresponding to the point P ∈ E (both follow from [1] ), and • there are the following equalities of Hilbert series
, follows from [13] .
In addition, a computational proof will be given of Van den Bergh's result that
is a quotient of Q 4 (E, 2τ ). The reason for this new proof is to show that the quotient map π E,τ defined above is V 4 -equivariant with V 4 the Klein fourgroup, with respect to a V 4 -action that will be defined using the above actions of H 2 , respectively H 4 on the algebras Q 2 (E, τ ), respectively Q 4 (E, 2τ ). Remark 1.1. Although almost everything works in characteristic not equal to 2 or 3 or for not algebraically closed fields k, only the specific case k = C will be discussed here.
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The finite Heisenberg groups
Let n ∈ N, n ≥ 2. From the relations, it follows that H n is a non-trivial central extension of Z n ×Z n with Z n , that is,
Let ω be a primitive nth root of unity, then H n has n 2 1-dimensional representations
Although the representation theory of H n can be described in general, only the cases n = 2, n = 3 and n = 4 will be considered here.
/ / H 2 , s → e 1 e 2 , t → e 1 . Consequently, H 2 has a unique 2-dimensional simple representation 2 V = Cx + Cy, defined by e 1 · x = y, e 1 · y = x, e 2 · x = x, e 2 · y = −y. Together with the four 1-dimensional representations, these are all the simple representations of H 2 .
H 3 .
By the fact that the dimension of a simple representation has to divide the order of the group and that H 3 is not commutative, there are two simple representations of dimension 3, 3 V 1 and 3 V 2 . Let ω be a primitive 3rd root of unity, then 3 V 1 = Cx + Cy + Cz is defined as the representation
The representation 3 V 2 is the dual of 3 V 1 , with basis {x * , y * , z * } and associated action
Similar to the case n = 3, there are two 4-dimensional simple representa-
i=0 Cx * i that are dual to each other, with action
and 2 . This gives a 2-dimensional simple representation 2 V . Using character theory, one can show that
This implies that there are four inequivalent 2-dimensional representations. Define
Artin-Schelter regular algebras
Recall from [1] the definition of an Artin-Schelter regular algebra.
• A has finite Gelfand-Kirillov dimension, and • A is Gorenstein, which means that
The standard example of an Artin-Schelter regular algebra of global dimension d is the polynomial ring C[x 0 , . . . , x d−1 ]. A result from [13] shows that Sklyanin algebras of any global dimension d ≥ 3 are Artin-Schelter regular.
Recall the definition of a point module from [2] .
Definition 3.2. Let A be a graded, connected algebra, finitely generated in degree 1. Let M be a graded right A-module. Then M is a point module of A if M is cyclic and has Hilbert series (1 − t) −1 .
If A = T (V )/(R) with R homogeneous and generated by relations of degree ≥ 2, then the point modules are determined by the (up to isomorphism) representations of an infinite quiver 
, with naturally n = dim V . The condition that M ∈ GrMod − A, with GrMod − A the category of right graded A-modules, then becomes
to be the shift of M and by induction,
* -orbit of simple representations of dimension k, see [11] for a more general treatment. 
is also a point module of A. Consequently, there exists an action of G on the set of point modules of A. Let a ∈ I and let g ∈ G. Let M be a point module and m ∈ M . Then one finds
so g · a ∈ I and consequently, I is a subrepresentation of A.
Proposition 3.4. Let A be a connected graded domain, finitely generated in degree 1 with dim
is, there exists a λ ∈ C * such that xc k = λ l c k x for x ∈ A l , and • the element λ is a kth root of unity.
Proof. If Cc k is a subrepresentation of A k , then necessarily k > 1 as A 1 was simple and dim
As A is a domain, it follows that for each v ∈ A 1 one has
Consequently, σ ∈ Aut G (A 1 ) = C * and there exists a λ such that σ(x) = λ l x for x ∈ A l . As σ(c k ) = c k , it follows that λ is a kth root of unity.
Quadratic Sklyanin algebras of global dimension three
Recall from [1] the definition of the quadratic Sklyanin algebras of global dimension three.
2 , then the quadratic Sklyanin algebra 3 S a,b,c is the quotient of C x, y, z by the quadratic relations
on the condition that
is a smooth curve of genus 1. Notice that, if one writes C x, y, z = T ( 3 V 1 ) with 3 V 1 the simple H 3 -module defined above, then the relations of 3 S a,b,c form an
Consequently, H 3 acts on 3 S a,b,c and preserves the gradation. In fact, each submodule of 3 
2 by Schur's lemma, for there are the isomorphisms of varieties
with Hom f and Hom f G being the linear maps, respectively the G-linear maps of full rank for G a reductive group. As V(f a,b,c (X, Y, Z)) is generically an elliptic curve, one sees that there is an open subset U ⊂ Emb H3 ( 3 V 2 , 3 V [2] and [9] that if M is a point module, then M is completely determined by a point p 0 = p ∈ E and there exists a point τ ∈ E such that for each i ∈ N, p i = p + iτ . Consequently, M [i] corresponds to the point p + iτ .
In the case of global dimension three, things can be made more explicit: from the defining definitions of 3 S a,b,c it follows that for a point module 
By the results of [2] , R a,b,c ⊗ 3
Consequently, Proof. The conditions of Theorem 3.4 are fulfilled:
• the algebra 3 S a,b,c is a graded domain, finitely generated in degree 1 with 
⊗3
that is continuous and never becomes 0 in 3 S a,b,c . As 3 U is irreducible, this function is constant. If one takes now a Sklyanin algebra associated to a point of order two, one gets a Clifford algebra of rank 3 over the polynomial ring C[x 2 , y 2 , z 2 ]. Consequently, the point modules of such a Clifford algebra are annihilated by a central element of degree 3 (see [6] ). This implies that on V(a − b) ∩ U , λ([a : a : c]) = 1, so λ is the constant 1-function.
Cubic Sklyanin algebras of global dimension three
Again from [1] , recall the definition of the cubic Sklyanin algebras of global dimension three. is a smooth curve of genus 1.
Let 2 R a,b,c be the vector space generated by these relations. As in the quadratic case, the Heisenberg group H 2 of order 8 acts on 2 S a,b,c as gradation preserving automorphisms such that ( 2 S a,b,c ) 1 = 2 V and R a,b,c ∼ = 2 V . However, while in the quadratic case the generic embedding of 3 R a,b,c in 3 V 1 ⊗ 3 V 1 corresponds to a Sklyanin algebra, this is no longer true in the cubic case. In fact, one has 2
but the generic element of this variety corresponds to an algebra with a degree 4 vector space of dimension 8 instead of 9, so the generic element can not correspond to an Artin-Schelter regular algebra by [1] .
As [e 1 , e 2 ] acts by multiplication with −1 on 2 V , the second Veronese subalgebra
As such, it is easy to see that 2 V ⊗ 2 V decomposes as
Let w 00 = x 2 + y 2 , w 10 = x 2 − y 2 , w 01 = xy + yx and w 11 = xy − yx, then one finds
then the linear extension of γ from x, y to a linear function from 2 V to 2 V ⊗3 is H 2 -linear.
Writing γ(x) and γ(y) as elements of 2 V ⊗2 ⊗ 2 V and 2 V ⊗ 2 V ⊗2 , one finds Proof. Again, the conditions of Proposition 3.3 are fulfilled.
In fact, as in the 3-dimensional case, C( 2 c a,b,c ) is the trivial representation of H 2 . The proof of this fact will follow from the V 4 -equivariant algebra map that will be constructed in Theorem 7.1
a,b,c .
Using Theorem 7.1, which will be proved later, one can show that a presentation of 2 c a,b,c as an element of 2 V ⊗4 is given by
which is (up to a scalar) the same element found in [1] . Unfortunately, at the moment, no intrinsic description of the coefficients of this element is known as in the quadratic case discussed in Proposition 4. 
Quadratic Sklyanin algebras of global dimension four
Recall the definition of the four dimensional Sklyanin algebra Q 4 (E, τ ) from [7] . Definition 6.1. Let E = C/(Z + Zη) be an elliptic curve with ℑ(η) > 0 and let τ ∈ E. For each α ∈ Z 4 , let θ α (z) be a theta function of order 4 with respect to the lattice Z + Zη, that is, {θ 0 (z), θ 1 (z), θ 2 (z), θ 3 (z)} are (non-constant) holomorphic functions C / / C defined by the following functional equations
for each α ∈ Z 4 and indices taken in Z 4 . Then the Sklyanin algebra Q 4 (E, τ ) is defined as the quotient of C x 1 , x 1 , x 2 , x 3 by the quadratic relations
From this definition, it follows that
• the group H 4 acts on Q 4 (E, τ ) such that the degree 1 part is isomorphic to 4 V 1 , and
the space of quadratic relations of Q 4 (E, τ ). It will now be discussed how to find the relations of Q 4 (E, τ ) in general using the representation theory of H 4 and these two facts, without resorting to θ-functions. As one wants to find V 4 -equivariant maps, it is useful to find a basis for 4 V 1 of eigenvectors with respect to the V 4 ∼ = e Then it is easy to see that
A calculation shows that
From these decompositions, it follows that Let 4 S λ1,λ2,λ3 be the corresponding quotient of C v 00 , v 10 , v 01 , v 11 .
However, not every triple (λ 10 , λ 01 , λ 11 ) ∈ C 3 determines a Sklyanin algebra. Only the triples (λ 10 , λ 01 , λ 11 ) such that the 4 × 4-minors of the matrix
vanish on an elliptic curve E λ ⊂ P 3 with λ ∈ C, which will be embedded as the intersection of the 2 quadrics In order to find all presentations of four dimensional Sklyanin algebras with the degree 1 part decomposed in four 1-dimensional representations of V 4 , one still needs to allow for base change with the subgroup Aut V4 ( 4 V 1 ). By Schur's lemma, Aut V4 ( 4 V 1 ) ∼ = (C * ) 4 , but the subgroup of scalar matrices C * acts trivially as a Sklyanin algebra is graded. Let is a four dimensional Sklyanin algebra and each four dimensional Sklyanin algebra arises this way.
Usually, the intersection of V 5 with V(b 10 − 1, b 01 − 1, b 11 − 1) is taken as variety parametrizing four dimensional Sklyanin algebras, as in for example [10] . In this case, 4 S α1,α2,α3 will denote the algebra with parameters
The condition that 4 S α1,α2,α3 is (generically) a Sklyanin algebra then becomes
For any sextuple (a 10 , a 01 , a 11 , b 10 , b 01 , b 11 ) ∈ C 6 , the corresponding algebras that have H 4 in its automorphism group can be recognized by the rule
6.1. The point modules. Following [10] , it follows that the point modules of a Sklyanin algebra 4 S λ10,λ01,λ11 are not only determined by E λ , but there are also four point modules, corresponding to the C * -orbits of simple representations of ( 4 S λ10,λ01,λ11 ) ab = 4 S λ10,λ01,λ11 /[ 4 S λ10,λ01,λ11 , 4 S λ10,λ01,λ11 ]. From the relations, it is easy to see that
As such, 4 S λ10,λ01,λ11 has four C * -families of 1-dimensional representations.
6.2. The center. The tricks that were used in the global dimension three case don't work here, as the normal element in this case won't be a representation of H 4 . Luckily, the fact that the abelianization of 4 S λ10,λ01,λ11 is not finite dimensional will help. First, one has to construct a normal element of degree two. One can do this using Theorem 7.1.
Lemma 6.4. The Sklyanin algebra 4 S λ10,λ01,λ11 has a normal element of degree two.
Proof. This follows directly from Hilbert series considerations and the fact that 4 S λ10,λ01,λ11 is a domain, by taking the kernel of the quotient map
Theorem 6.5. There are two central elements Ω 1 , Ω 2 of degree two in a four dimensional Sklyanin algebra 4 S λ10,λ01,λ11 . Generically these two elements generate the center and they are algebraically independent. In addition,
with as before M p the point module corresponding to p ∈ E λ .
Proof. Let Ω 1 be the normal element from the previous lemma. As 4 S λ10,λ01,λ11 is a domain, there exists an automorphism σ ∈ Aut gr ( 4 S λ10,λ01,λ11 ) such that
Looking at the ring ( 4 S λ10,λ01,λ11 ) ab one sees that for each v ∈ 4 V 1 
a,b,c are the same as those of 2 S a,b,c which were already shown to be parametrized by 2 E a,b,c ∼ = E λ for some λ ∈ C.
Consequently, Ω 1 is not a zero divisor in ( 4 S λ10,λ01,λ11 ) ab , so that v = σ(v) for each v ∈ 4 V 1 , which implies that σ is the identity and Ω 1 is therefore central.
As each H 4 -subrepresentation of 4 V 1 ⊗ 4 V 1 is 2-dimensional, it follows that there exists at least one other element in the center, let Ω 2 be such a central element, linearly independent of Ω 1 . Then both Ω 1 and Ω 2 annihilate all the point modules lying on E λ , as E λ is an H 4 -set. Due to the fact that 2 S a,b,c is a domain, it follows that Ω 1 and Ω 2 are algebraically independent.
From this, it follows that
(Ω 1 , Ω 2 ) = ∩ p∈E λ Ann 4 S λ 10 ,λ 01 ,λ 11 M p due to the fact that the quotient 4 S λ10,λ01,λ11 /(Ω 1 , Ω 2 ) has Hilbert series
7. Noncommutative quadrics lie on noncommutative P 3 's Theorem 7.1. The second Veronese subalgebra 2 S
a,b,c of a cubic Sklyanin algebra 2 S a,b,c is a quotient of the four dimensional Sklyanin algebra 4 S α1,α2,α3 with
In addition, the quotient map π a,b,c : 4 S α1,α2,α3
a,b,c is V 4 -equivariant with respect to the induced action of V 4 on 4 S α1,α2,α3 coming from the inclusion V 4 ⊂ H 4 and the action of V 4 on 2 S / / / / 2 S a,b,c for some value of (α 1 , α 2 , α 3 ) that is V 4 -equivariant, one needs to decompose 2 R a,b,c ⊗ 2 V + 2 V ⊗ 2 R a,b,c as V 4 -representation with respect to the variables w 00 , w 10 , w 01 , w 11 from above. By a calculation, one finds for the V 4 -submodule isomorphic to 2 χ Consequently, as π a,b,c is V 4 -equivariant, if one takes Ω 1 = n a,b,c and Ω 2 any linearly independent element in H 4 · Ω 1 , then π a,b,c (Ω 2 ) = µ 2 c a,b,c for some µ ∈ C * and C( 2 c a,b,c ) is isomorphic to 2 χ 0,0 .
